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Four-dimensional(4D) spacetime structures are investigated using the concept of the geodesic distance in the
simplicial quantum gravity. On the analogy of the loop length distribution in 2D case, the scaling relations of the
boundary volume distribution in 4D are discussed in various coupling regions i.e. strong-coupling phase, critical
point and weak-coupling phase. In each phase the different scaling relations are found.
1. Introduction
Simplicial gravity has witnessed a remarkable
development toward quantizing the Einstein grav-
ity. This development started with 2D simplicial
gravity and has now reached the point of sub-
jecting to simulate 4D case[1–4] about the analy-
sis of fractal dimensions, minbu, scaling relations
for the loop length distribution and the curvature
distribution. The aim of this paper is to inves-
tigate 4D Euclidean spacetime structures using
the concept of the geodesic distance. It is very
important that the scaling relations have been
obtained in 2D case. Therefore, on the anal-
ogy of the loop length distribution(LLD) in 2D[5],
the scaling relations in 4D are discussed. Actu-
ally we measured the boundary volume distribu-
tion(BVD) for various geodesic distances in 4D
dynamically triangulated(DT) manifold, in anal-
ogy to LLD. In order to discuss the scaling re-
lations, we assume that the scaling variable x
has a form x = V/Dα, where V , D and α de-
note the each boundary(cross section) volume,
the geodesic distance and scaling parameter, re-
spectively. Hagura et al . argue the scaling prop-
erties of the surface area distributions in 3D case
by the same analysis as we employ in 4D case(in
these proceedings).
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2. The model
We use the lattice action of 4D model with
the S4 topology corresponding to the action as
S = −κ2N2 + κ4N4, where Ni denotes the to-
tal number of i-simplexes. The coupling κ2 is
proportional to the inverse bare Newton constant
and the coupling κ4 corresponds to a lattice cos-
mological constant. For the dynamical triangula-
tion model of 4D quantum gravity, we consider
a partition function of the form, Z(κ2, κ4) =∑
T (S4) e
−S(κ2,κ4,T ). We sum up over all simpli-
cial triangulations T (S4). In practice, we have
to add a small correction term, ∆S = δκ4(N4 −
N
(target)
4 )
2, to the action in order to suppress the
volume fluctuations from the target value of 4-
simplexes N
(target)
4 and we have used δ = 0.0005.
3. Numerical Simulations and Results
We define Nb(D) as the number of bound-
aries at the geodesic distance D from a refer-
ence 4-simplex in the 4D DT manifold averaged
over all 4-simplexes. Fig.1 shows the distribu-
tions of Nb(D) for the typical three coupling
strength with N4 = 16K. In the strong cou-
pling limit(κ2 = 0), the only one boundary that
is identified as the mother universe exists al-
most all the distances(see Fig.1), which means
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Figure 1. Number of Boundaries plotted versus
geodesic distances D, with the double-log scales.
that the mother universe is a dominant struc-
ture. The branching structures are highly sup-
pressed, which shows characteristic properties of
the “crumpled manifold”, which is similar to the
case observed in 2D manifold. On the other hand,
in the weak coupling phase(for example, we chose
κ2 = 2.0), we observe the growth of the branches
until D ∼ 60 and can reasonably extract the rela-
tion Nb(D) ∝ D in the region 3 ≤ D ≤ 30. Then
we call this manifold as the “elongated manifold”.
3.1. The strong coupling phase
Fig.2 shows BVD, ρ(x), with x = V/D4.5
as a scaling variable in the strong coupling re-
gion, κ2 = 0, with N4 = 32K while the frac-
tal dimension(df ) reaches about 5.5 which yet in-
creases with the volume in our simulation size. In
terms of this variable the mother universe shows
scaling relation and distributes like a Gaussian
distribution. We can be fairly certain that in the
strong coupling phase the scaling parameter α of
mother universe satisfies the relation df = α+ 1,
and the manifold resembles a df -sphere (S
df ).
There seems to be a scaling property with respect
to BVD with x = V/Ddf−1 as a scaling variable.
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Figure 2. BVD plotted versus a scaling variable
x = V/D4.5, with the double-log scales in the
strong coupling limit: κ2 = 0 and N4 = 32K.
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Figure 3. BVD plotted versus a scaling variable
x = V/D2.3, with the double-log scales at the
critical point: κ2 = 1.2581 and N4 = 32K.
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Figure 4. BVD plotted versus a scaling variable
x = V/D2, with the double-log scales in the weak
coupling phase: κ2 = 2.0 and N4 = 32K.
3.2. The critical point
Next, the data near the critical point are shown
in Fig.3 for various geodesic distances with N4 =
32K. At this point the fractal dimension reaches
about 3.5 and yet increasing for larger values
of N4. We must draw attention to the double
peak structure on the critical point [6]. There-
fore, we measure the boundary volume distribu-
tion on both peaks, and obtain the more clear
signal of the distribution of the mother universe
on the peak which is close to the strong cou-
pling phase. We observe the scaling properties
for the mother universe ρ(x) with x = V/D2.3
in Fig.3. In order to discuss the universality
of the scaling relations, we assume the distri-
bution function in terms of a scaling parameter
x = V/D2.3 as ρ(x) = a0
1
D2.3
xa1e−a2x, where
a0, a1 and a2 are some constants. Then we
can calculate the fractal dimension from ρ(x,D),
limx→∞
∫
∞
v0
dV V ρ(x,D) = V (4)(D) ∼ Ddf ,
where v0 denotes the cut-off volume and V
(4) de-
notes the total volume of the 4D manifold. If
a1 > −2 this integration is convergent and gives a
finite fractal dimension. We can extract the func-
tion of ρ(x,D) from Fig.3, and find a1 ≃ 0.5 for
the distribution of mother volume and a2 ≃ 3.0.
Furthermore we investigate the N4 = 64K case
and obtain the same scaling behavior as that of
N4 = 32K case except df ≃ 4.0 and scaling pa-
rameter α ≃ 3.0. These results lead to the conclu-
sion that the distributions of the baby universes
show no scaling behavior. On the other hand,
the distribution of the mother universe shows the
scaling relation and is universal(i.e. it does not
depend on the lattice cut-off(v0)).
3.3. The weak coupling phase
Finally, we show the data in the weak cou-
pling phase(κ2 = 2.0) within which the fractal
dimension reaches about 2.0. Fig.4 shows BVD
with x = V/D2 as a scaling variable. We can
safely state ρ(x)×D2 ∝ x−2.0e−x. In this phase,
the dynamically triangulated manifold consists of
widely expanding like branched polymers and we
cannot observe the mother universe at all.
4. Summary and discussions
On the analogy of LLD in 2D case, the scaling
relations in 4D are discussed for the three phases.
BVD, ρ(x,D), at geodesic distance D gives us
some basic scaling relations on the ensemble of
Euclidean space-times described by the partition
function Z(κ2, κ4).
In the strong coupling limit κ2 = 0 we find that
the mother part of BVD, ρ(x,D), scales trivially
with x = V/Ddf−1 as a scaling variable. There is
fairly general agreement that the 4D DT manifold
seems to be a df -sphere(S
df ). What is important
is that this scaling property for the mother uni-
verse changes gradually into the scaling relation
of that of the critical point. The fluctuations of
the spacetime growth with κ2 → κ
c
2. In 2D, the
baby loop and the mother loop show scalings with
the same parameter(x = L/D2). However, LLD
of the baby loops is depend on the lattice cut-
off and we think that it is not universal. At the
critical point in 4D case we have obtained the
similar BVD. However, we have a different scal-
ing parameters (x = V/D2.3 with N4 = 32K and
x = V/D3.0 with N4 = 64K) from 2D case for
the mother universe. Furthermore, BVD of the
baby universes seems to be non-universal.
In the weak coupling phase(see Fig.4) we have
obtained the elongated manifolds, in other words,
branched polymers. In this phase no mother uni-
verse exists and BVD of the baby universes shows
that the scaling relation is not universal.
The results of this paper is the first step to re-
search the universal scaling relations in 2, 3 and
4D on simplicial quantum gravity. The results
of simulations can be regarded as the possibil-
ity that we may have 4D quantum gravity as the
generalized DDK model.
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